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The main subject of this work is the study of vector fields on the tridimensional 
sphere S3 tangent to a Reeb folitation o [l] and generic with respect to their 
,nonwandering set. 
In some sense we are continuing research by Oliva [2] and Mello [3] who 
treated questions about the qualitative and generic study of singularities in 
Appell conservative fields (see the Introduction of [3]). 
We use results of Sotomayor [4] concerning bifurcations. 
1. DEFINITIONS AND NOTATIONS 
In R3 the collection of curves given by z == er~‘(l--1’) + h and .T = 0, 
- 1 < y  < 1, h constant, defines a foliation of the region xa + y” < 1, 
invariant by the translation (x, y, z) - (x, y, z + l), where each leaf is a 
revolution surface. Thus we obtain a C * foliation of the solid torus which 
is called a Reeb component. Identifying the boundaries of two Reeb components 
such that the meridians of one are the parallels of the other we have the sphere 
S3 with a Reebfoliution o. See [5, 61 for formal descriptions of such a foliation. 
M will indicate a Cx compact connected 3-dimensional manifold, without 
boundary, with a C” foliation o of codimension 1, and xOr(M) the space of 
the CT vector fields, r > 4, tangent to D with the usual Cr topology. 
A periodic orbit y  of X E xOr(M) (in particular, a singular point) is called 
hyperbolic if it is hyperbolic in the usual sense for the restriction X jFp where 
F, denotes the leaf containing a point p E y. A saddle connection is a traJectory y  
whose 01- and w-limit sets are saddle or saddle node singular points for X IFD , 
p E y, and is not interior to the 2-dimensional invariant manifold of the saddle 
node in F, [4]. Periodic orbits which are quasi-generic [4] in their own leaves, 
saddle connections whose OI- and w-limit sets coincide with a saddle point p 
such that trace DX IF (p) # 0 (i.e., loops), and connections between different 
saddles are called quakgeneric elements if they are generic with respect to the 
local parameter of leaves (see [4, Theorem 21). 
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A vector field X E xor(M) h as no s2-explosion if for any neighborhood U 
of Qn,, the nonwandering set of X, there exists a neighborhood @ of X in 
xUr(M) such that 9, C U for Y z % [7]. 
We denote by DX IF, the derivative DX IF,< p) and consider local coordinates 
(x1 Y x s , xa) in a point p E M such that p = (0, 0,O) and xs = constant give 
the leaves of the foliation. 
2. THE MAIN REXJLTS 
We state the principal results of this work the proofs of which will be outlined 
in the subsequent parts. The first gives a generic description of the singularities 
of vector fields X E x,‘(M). 
THEOREM A. There exists GI an open and dense set of vector fields X E xOT(M) 
such that: 
(1) The singular points are hyperbolic except for a Jinite number which are 
quasi-generic. 
(2) Each leaf of u contains at most one quasi-generic singular point. 
In the two other results M = S3, (T is a Cm Reeb foliation, and T2 is the com- 
pact leaf of u. 
THEOREM B. There exists G, a residual set of vector Jields X E xd(S3) such 
that: 
(1) XEG~. 
(2) X lrz is a Morse-Smale vector field. 
(3) The periodic orbits are hyperbolic or quasi-generic. 
(4) The saddle connections are quasi-generic. 
(5) Each leaf of (T contains at most one quasi-generic element. 
THEOREM C. There exists an open set in GI C x0+(P) where vector $elds 
without Q-explosion are dense. 
3. PROOF OF THEOREM A 
We indicate by Z(M) the fiber bundle corresponding to the foliation u, 
by O(M) its null-section and by V, the set of all singularities of X E x0’(M). 
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LEMMA 3.1 [3]. Let G, be the set of all vector pelds X E xc’(M) such that 
X: M -+ Z(M) is transversal to O(M). Then G, is open and dense in xa(M). 
Proof. See the proof of Theorem 2.4 in [3]. 1 
We observe that V, the set of singularities of a vector field X E G,, is a 
l-dimensional compact manifold which is stable by small perturbations in G, 
(see [3, Proposition 2.61). 
LEMMA 3.2. Let Jl be the 0-l manifold of l-jets jsX of all vector fields 
XEx,T(M),Wthesubmanifold91={j,X~J1: X(p) =OandrankDXI, =I} 
and jx: M -+ J1 the map given by jx( p) = jDx. Then, G,,* = (X E G,,: jx is 
transversal to W) is open and dense in G, . 
Proof. A consequence of transversality. Let C+l(M, Jl) be the usual space 
of all Cr-l functions g: M + J1 with the topology of the CT-l convergence 
in the compact parts; we apply the openness and density theorems for trans- 
versality [8] with the Cr-l representation p: G, -+ CT-l(M, p) whose evaluation 
map ev p: Go x M---f ]I is given by ev p(X, p) = jpx. Observe that YV is not 
closed but p(X)(M) /\ (fl - W) = q5 enables us to conclude the openness. 1 
Locally in a critical point p E M the singular set V, of X E G,, is given by 
44 = (Xl(S), x2(s), %(S>>, w h ere xi(s) = s for some in {1,2, 3) and x(O) = p. 
The set V, intercepts transversely the leaf F, at the point p if ~$0) # 0 and 
V, has a 2nd-order tangence with Fp at the point p if xi(O) = 0 but xi f ;  0. 
The next proposition gives a geometrical interpretation of Lemma 3.2. 
PROPOSITION 3.1. Let X E G, . Then jx is transversal to W if and only if 
V, is transversal to the leaves of u except for a$nite number of 2nd-order tangences. 
Proof. Suppose jsx E ?V and DX, is given by (2 2 2) with a = 12 2 1 f 0 
and a5 # 0. We have jx is transversal to ?Y inp if and only if a5 . x,“(O) . a2 # 0. 
Transversality and ( jx)-l(?Y’) = (j”)-‘(g) imply the finiteness. 1 
Note the impossibility of deleting vector fields X such that Vx is tangent 
to 0. (See [4]). Nevertheless we have: 
LEMMA 3.3. The set Go2 = (X E Gol: jgx E W’” =z- eigenvalues of DX IF= are 0 
and /\ # 0) is open and dense in G,l. 
Proof. Let X E G,l. Locally in a critical point p, corresponding to a double- 
zero eigenvalue we can write 
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Density follows with ol-perturbations, 
qx1 9 x2 9 x3) = X(x, , x2 9 x3) + (0, -2 , O), 
and bump-function. Openness follows from continuity of the map (X, p) + 
trace DX IF, . 1 
PROPOSITION 3.2. Let X E Go2 with a critical point p such that j,“E %/. 
Then the point p is a saddle node [4] for X Ip, . 
Proof. Suppose DX, given by (” ’ ’ o h .:) and locally in pVx given by x(s) = 
(s, x2(s), x3(s)). The result follows from 
azx, i xl(O) = - F . - . I 
1 a3 
Consider the 0-l representation p: Go2 + Cr-l(M, R x R x Z(M)) with 
ev p(X, p) = (trace DX IF, , det DX IF, , X(p)) and W the submanifold (0) x 
R,, x O(M) of R x R x Z(M). 
We have, as in Lemma 3.2: 
LEMMA 3.4. The set Go3 = (XE Go2: p(X) is transverse to w> is open and 
dense in Go2. 
LEMMA 3.5. The set G,4 = {X E Go% p(X)(p) E W * p is a composed focus 
for X jF } is open and dense in Go3. P 
Proof. Density follows by local perturbations in the points pi with 
p(X)( pi) E W given by Theorem 2 of [4] and bump-function. Now consider, 
locally in a point p such that p(X)(p) E W, the map TK V x H + H, where 
VP is a neighborhood of X in Gas, H is a 2-dimensional transverse section 
of F, by p given in coordinates by x2 = 0, and rr(Y, q) is the first point where 
Y,(q) meets H with t > 0. The openness follows from the fact that p(X) is 
transverse to Wand the continuity of (Y, x1 , x3) -+ (a3yrlaxr3)(Y, x1 , x3). B 
Finally, Theorem A follows from Lemma 3.5 with perturbations X 04, 
where ba(xl , x2 , x3) = (xl, x2, x3 + 4. 
4. PROOFS OF THEOREMS B AND C 
In this part we consider M = S3 and o a Reeb P foliation of s8. The next 
three propositions give essentially Theorem B. 
PROPOSITION 4.1. The set G,l = {X E xd(S3): X E Gl and X IT2 is a Morse- 
Smale vector $eld> is open and dense in G1 . 
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Proof. Follows from Theorem A and Peixoto’s theorem [9] in T2. 1 
Now we shall give a brief description of the local qualitative behavior of 
X E G,’ near a periodic orbit. When a hyperbolic periodic orbit y  is a critical 
point or is the boundary of a disk contained in its leaf the behavior is given 
by the Kupka-Smale theorem [lo], even for small perturbations of X in Gil. 
Let 01~ , 01~ be generators of the fundamental group of the compact leaf T2 
and H(olJ the holonomy [I l] given by 
f1(t) < t, t l=- 0, f2(t) == t, t > 0, 
fJt) =. t, t < 0, f2(t) > t, t < 0. 
Suppose y  C T” is an attractor hyperbolic periodic orbit for X IT2 . I f  y  is 
homotopic to tir , there are open neighborhoods V of X in Grl and Tr of y  
in S3 such that the periodic orbits of YE V with points in V have the same 
type of y, are contained in V, and define a submanifold with boundary yr C T2 
diffeomorphic to 9 x (- 1, 01, the +-limit of all the points 4 E V. If  y  is 
homotopic to c$, the periodic orbits of Y E V which are completely contained 
in V define a cylinder 9 x (- 1,0] with boundary yr which is an attractor, 
except for yr which also admits a CT and 2-dimensional invariant unstable 
manifold (see Central Manifold Theorem [8, 121). Other cases for a hyperbolic 
periodic orbit y  C T2 are combinations of those described above. Observe 
that for y  homotopic to ar%an, mn # 0, yy  is the only periodic orbit completely 
contained in V. We say that an attractor hyperbolic periodic orbit y  C T” 
is saddle type if y  is homotopic to ainaajn, m < 0 or n < 0, m # 0. When y  
is a quasi-generic periodic orbit and is the boundary of a disk, the set of all 
the periodic orbits of YE V which have points in T’ determines a cylinder 
with a 2nd-order tangence with the leaf of yr (see [4]). 
LEMMA 4.1. Suppose X E Gll with y  a periodic saddle-type orbit and let 
T be a real positive number. The two neighborhoods given above can be taken 
such that the periodic orbits of YE y- which are not completely contained in V 
have periods greater than T. Furthermore, the saddle connections with points 
in V have lengths greater than T. 
Proof. It follows from the continuity of both the PoincarC map and the 
arc length. 1 
LEMMA 4.2. Let X E G,l, p be a saddle or a saddle node singular point for 
XIP,, and T > 0. Then, there are neighborhoods V of p and v  of X in Gll 
such that the periodic orbits of YE $‘- which have points in V have period >T. 
Proof. From the continuity of the flow. a 
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LEMMA 4.3. Let T > 0 and X E G,l be a vector field whose periodic orbits 
ulith periods <T are hyperbolic and quasi-generic. Then X has a finite number 
of quasi-generic periodic orbits with period <T. 
Proof. From Lemmas 4.1, 4.2, and the Poincar&Bendixon theorem. 1 
LEMMA 4.4. Let X E GL1 and T > 0. There are neighborhoods I/’ of Tz and 
-lr of X in G,l such that the periodic orbits of Y E V with period <T which 
intercept 1,’ are hyperbolic. 
Proof. From Lemmas 4.1, 4.2, and the compacity of T2. 1 
Given T > 0 we indicate with G,(T) the set of all the vector fields X E G,i 
whose periodic orbits with period <T are hyperbolic or quasi-generic and 
each leaf of (J contains at most one quasi-generic periodic orbit with period 7, 
OK q T ::> T. 
PROPOSITION 4.2. G,(T) is open and dense in G,i. 
Proof. Let I’ and V be neighborhoods given by Lemma 4.4 with S3 - V = 
Ki u &, Ki compact diffeomorphic to 9 x D”, K, n K, = +. Approximate 
X IK. by a vector field whose periodic orbits with period <T are hyperbolic 
and quasi-generic such that each leaf of (r contains at most one of these quasi- 
generic orbits (see [4, Proposition 11.2.11). Then density follows by using 
the bump-function. Let pi be a point of the compact O,(T) = {p E S3: orbit 
of p is periodic with period T, 0 < 7 < Tj. There are open neighborhoods 
Isi of (p,)$ -i of X E G,(T) such that the periodic orbits of Y E Vi with period 
<T which intercept are contained in r-, and are hyperbolic or quasi-generic. 
For pi E O,(T) quasi-generic we take I 7i such that their saturated by the foliation 
are disjoints. As O,(T) is compact we can choose a neighborhood I7 of O,(T) 
given by lJz=, I;, and a neighborhood V- of X given by &‘?=, Kk. Reducing 
$’ if necessary, the continuity of the flow and the compacity of S3 - V allow 
us to conclude that all the orbits oY(.x) with .r in a neighborhood of Sa - I’ 
and IV E 9” are regular or periodic with period > T. Thus G,(T) is open d 
LEM~LIA 4.5. Let S > 0 and X be a vector field in G,l zvhose saddle connections 
of length <S are quasi-generic and appear at most one in each leaf of (T. Then, 
X has on!~v a $nite number of saddle connections of length <S. 
Proof. I f  there existed an infinite number of such connections yn between 
the saddles pn and qn with p, + p and qn -+ q, the leaf of the saddle points 
p and q would be plane and we would conclude the existence of a saddle connec- 
tion betweenp and q with length <S. The proof follows by Lemma 4.5 of [4]. 1 
Given T, S > 0 we call G,(T, S) the set of all the vector fields X E G,(T) 
whose saddle connections of lengths <S are quasi-generic and lie at most 
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one in each leaf with the additional condition that the quasi-generic periodic 
orbits of such a leaf have periods >T. 
PROPOSITION 4.3. G,(T, S) is open and dense in G,(T). 
Proof. First we consider neighborhoods V of T2 and V of X in G,(T) 
such that no x E V belongs to a saddle connection with length <S. Then 
density follows as in Propositions 4.2 by using Propositions 11.2.1, 11.2.3 of [4]. 
Openness follows as in the Kupka-Smale theorem [lo] based on Sotomayor’s 
work [4] and on the lemmas given above. 1 
Theorem B follows by taking G, = nmsneN G2(m, n). 
Consider Gr the open subset of Gr whose elements are vector fields X E G,r 
without saddle-type periodic orbits. 
PROPOSITION 4.4. Let X E G, n GI . Then the nonwanduing set Sz, = Per X 
and Per X - Per X is the union of all loops and all separatrices with a saddle 
node as 01 and w limit. 
Proof. The Poincar&-Bendixon theorem implies that the nonwandering 
set of X is the union of the periodic orbits and the cycles which appear in 
the plane leaves. The proposition follows from the behavior of the trajectories 
near quasi-generic elements. 1 
PROPOSITION 4.5. Let X E G, n Cl . Then QR, is a jnite union of circles, 
spheres 2, disks D2, 2-dimensional torus, and cylinders. 
Proof. An induction argument with the local cylinders of periodic orbits 
allows us to conclude that the set Vr of the nonisolated periodic orbits with 
period >0 is an orientable 2-dimensional manifold and then an ordinary 
argument with index and Euler characteristic guarantees that the connected 
components of “y;( are homeomorphic to a 2-dimensional torus or a cylinder. a 
Let X be a vector field XE Gr n Gz and Q, = (J:=, (li a decomposition 
of Q, [7] where /Ii are compact, invariant, connected, and disjoint. By the 
Kupka-Smale theorem [IO] and Sotomayor [4] we can get open neighborhoods 
V of the compact Qn, and V of X contained in the open Gr such that for any 
YE V, Qr has a decomposition 9, = Uf=, (li( Y) like In,. Then, Theorem C 
follows by taking Gr as the open subset of Gr which contains the dense subset 
Gr n G2 without Q-explosions. 
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